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CAMPANA POINTS ON BIEQUIVARIANT
COMPACTIFICATIONS OF THE HEISENBERG
GROUP
HUAN XIAO
Abstract. We study Campana points on biequivariant compact-
ifications of the Heisenberg group and confirm the log Manin con-
jecture introduced by Pieropan, Smeets, Tanimoto and Va´rilly-
Alvarado.
1. Introduction
Manins conjecture concerns the distribution of rational points of
bounded height on Fano varieties over number fields and has been
extensively studied. It was initially proposed by Franke, Manin and
Tschinkel [17], later on the modern and more appropriate formulations
of Manins conjecture were made in [2, 5, 22, 23]. Let X be a Fano
projective variety defined over a number field F and L an ample line
bundle on X . Let HL be a height function
HL : X(F )→ R>0
where L is an adelically metrized line bundle associated to L. Manins
conjecture states that there is a subset U of X(F ) such that the count-
ing function
N(U,L, T ) := #{x ∈ U | HL(x) ≤ T}
satisfies the asymptotic formula
N(U,L, T ) ∼ cT a(X,L)(log T )b(X,F,L)−1
as T → ∞, where c is a positive constant, a(X,L) and b(X,F, L)
are certain geometric invariants stated by [2]. Manin’s conjecture for
homogeneous spaces has been studied for example in [3, 4, 12, 18–20,
26, 28, 31], it has also been extensively studied for various varieties,
such as Del Pezzo surfaces and so on, we refer the readers to excellent
surveys [7, 33] and the references therein. Besides the distribution of
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rational points, the problem of counting integral points has also been
considered by [6, 14–16, 29, 30].
Let
G =

g = g(x, z, y) =

1 x z0 1 y
0 0 1




be the Heisenberg group. A smooth projective variety X is called a
biequivariant compactification of G if G is a dense Zariski open subset
of X and X carries both left and right G-actions. A trivial example
of biequivariant compactification of G is the projective space P3. For
a general construction one may take X to be the Zariski closure of an
orbit of a projective representation of G, for details see [27].
Campana orbifolds and Campana points were introduced by Cam-
pana [10, 11], the distribution of Campana points over a number field
was initiated in for example [8,9,34]. Recently, M. Pieropan, A. Smeets,
S. Tanimoto and A. Va´rilly-Alvarado [25] initiated a systematic quan-
titative study of Campana points. In their paper, Pieropan et al [25]
studied the distribution of Campana points of bounded height on equi-
variant compactifications of vector groups and posed a log version of
Manin’s conjecture. Pieropan and Schindler [24] recently developed
the hyperbola method to study the distribution of Campana points on
toric varieties over Q.
Let us briefly review the notion of Campana points and the log
Manin conjecture studied in Pieropan et al [25]. We begin by recalling
some basics of Campana orbifolds and Campana points.
1.1. Campana orbifolds. The notion of Campana orbifolds was in-
troduced in Campana [10, 11] and Abramovich [1]. Pieropan et al [25]
applied the Campana orbifolds of smooth type to compactifications of
vector groups. In this paper we shall discuss the Campana orbifolds in
the sense of [25], through the paper we let F be a number field.
Let X be a smooth variety and Dε an effective Weil Q-divisor on
X , a pair (X,Dε) is called a Campana orbifold over F if
Dε =
∑
α∈A
εαDα
where Dα’s are prime divisors,
εα ∈W :=
{
1−
1
m
m ∈ Z≥1
}
∪ {1}
for all α ∈ A, and the support Dred =
∑
α∈ADα is a divisor with strict
normal crossings.
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One sees that any Campana orbifold (X,Dε) is a dlt (divisorial log
terminal) pair, i.e., εα ≤ 1. If moreover εα 6= 1 for all α ∈ A, we say
that (X,Dε) is klt (Kawamata log terminal). For the definitions of dlt
and klt one can see [21].
Let Val(F ) be the set of all places and Val(F )∞ all the archimedean
places of the field F . For v ∈ Val(F ), we denote the completion of F at
v by Fv. If v is a nonarchimedean place, we denote the corresponding
ring of integers by Ov with the maximal ideal mv and the residue field
kv. We denote the ring of adeles of F by AF and fix a finite set S of
places of F containing all archimedean places.
Definition 1.1. [25, §3] We say (X ,Dε) is a good integral model of
(X,Dε) away from S if (X ,Dε) is a flat, regular and proper model over
OF,S where Dε is the Zariski closure of Dε in X .
1.2. Campana points. Let us fix a good integral model (X ,Dε) for
(X,Dε) over OF,S and let Aε = {α ∈ A : εα 6= 0} and X
◦ =
X\(∪α∈AεDα), if P ∈ X
◦(F ) and v 6∈ S then there is an induced
point Pv ∈ X (Ov). Let α ∈ A be such that Pv * Dα, we denote the
colength of the ideal defined by the pullback of Dα via Pv by nv(Dα, P )
and call it intersection multiplicity of P and Dα at v.
Following [25], a point P ∈ X◦(F ) is called a Campana OF,S-point
on (X ,Dε) if for all places v 6∈ S, nv(Dα, P ) = 0 whenever α ∈ Aε
satisfies εα = 1 and
nv(Dα, P ) ≥
1
1− εα
.
whenever α ∈ Aε satisfies εα < 1 and nv(Dα, P ) > 0. So when writing
εα = 1−
1
mα
, nv(Dα, P ) ≥ mα whenever nv(Dα, P ) > 0. We denote by
(X ,Dε)(OF,S) the set of all Campana OF,S-points on (X ,Dε).
1.3. A log Manin conjecture. Let (X,Dε) be a Fano orbifold over a
number field F , that is, (X,Dε) is a Campana orbifold with−(KX+Dε)
being ample where KX is the canonical divisor of X . Assume that
(X,Dε) is klt. Let
HL : X(F )→ R>0
be the height function associated with the adelically metrized big di-
visor L = (L, ‖ · ‖) on X . Let U ⊂ X(F ) and T > 0, we denote the
counting function by
N(U,L, T ) = #{P ∈ U |HL(P ) ≤ T}.
Conjecture 1.2 (Log Manin conjecture). Suppose that the divisor L
is big and nef and that the set of klt Campana points (X ,Dε)(OF,S) is
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not thin in the sense of [25, Definition 3.6], then there is an exceptional
set Z ⊂ (X ,Dε)(OF,S) such that as T →∞
N((X ,Dε)(OF,S)\Z,L, T ) ∼ cT
a (log T )b−1
where a, b, c are constants described in [25].
Pieropan et al [25, Theorem 1.2] proved the conjecture above for
equivariant compactifications of vector groups, they also discussed dlt
cases [25, Theorem 1.4].
1.4. Main results in this paper. It is shown in [27] that Manin’s
conjecture is true for biequivariant compactifications of the Heisemberg
group. Following the spirit of Pieropan et al [25], we study Campana
points on biequivariant compactifications of the Heisenberg group over
Q and confirm the above log Manin conjecture for this case.
Theorem 1.3. Let X be a smooth projective biequivariant compactifi-
cation of the Heisenberg group G over Q such that the boundary divisor
D = X\G is a strict normal crossings divisor on X, let S be a finite set
of places of Q containing the archimedean place, assume that (X,Dε)
is klt and has a good integral model away from S and assume Assump-
tion 6.1(see in §6). If aL + KX + Dε is rigid (i.e., its Iitaka dimen-
sion is 0), then Conjecture 1.2 holds for (X ,Dε,L) with exceptional set
Z = (X\G) ∩ (X ,Dε)(ZS).
Theorem 1.4. Let X ,D, ε, S be as above theorem and let L = − (KX +Dε).
Assume that (X,Dε) is dlt and has a good integral model away from S
and assume Assumption 6.1(see in §6), set
G(Q)ε = G(Q) ∩ (X ,Dε)(ZS).
Then as T →∞, there are constants a, b, c such that
N(G(Q)ε,L, T ) ∼
c
(b− 1)!
T (log T )b−1.
To prove Theorems 1.3 and 1.4, we use the height zeta function
method. As we shall see later the height zeta function is defined to be
Zε(s, g) =
∑
γ∈G(Q)
δε(g)H(s, γg)
−1,
where δε(g) is the indicator function. We consider the representation
theory of the Heisenberg group in the adelic setting [27] and the spectral
decomposition of a certain representation space:
Zε(s, g) = Z0,ε(s, g) + Z1,ε(s, g) + Z2,ε(s, g),
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where
Z0,ε(s, id) =
∫
G(AQ)
H(s, g)−1δε(g)dg,
Z1,ε(s, g) =
∑
η
η(g)
∫
G(AQ)
H(s, g)−1η(g)δε(g)dg,
Z2,ε(s, g) =
∑
ψ
∑
ωψ
ωψ(g)
∫
G(AQ)
H(s, g)−1ωψ(g)δε(g)dg.
For details of the above spectral decomposition see Lemma 3.3. We are
going to obtain a meromorphic continuation of the function Zε(s, g) and
then apply Tauberian theorems to derive our results. The way treat-
ing Z0,ε(s, g) and Z1,ε(s, g) is essentially analogous to that of [25], for
Z2,ε(s, g), we will use theta distribution and Schwartz-Bruhat function
described in [27] as a tool to compute and estimate it.
In this paper for simplicity we only consider Heisenberg group
over Q, we hope in the future to treat general unipotent groups over
a general number field using the orbit method developed in Shalika-
Tschinkel [28].
1.5. Acknowledgement. I would like to thank my supervisor, Prof.
Sho Tanimoto for valuable discussions and advice on the paper. I
am also grateful to Dr. Marta Pieropan and Prof. Anthony Va´rilly-
Alvarado for their comments on an earlier draft. The author is partially
supported by China Scholarship Council.
2. Geometry of biequivariant compactifications of the
Heisenberg group
In this section we recall some basic facts on the geometry of
biequivariant compactifications of the Heisenberg group from Shalika
and Tschinkel [27]. Hereafter for simplicity we suppose F = Q, let
G =

g = g(x, z, y) =

1 x z0 1 y
0 0 1




be the Heisenberg group over Q. Let X be a smooth projective biequiv-
ariant compactification of G with boundary D = X\G consisting of ir-
reducible components D = ∪α∈ADα, with strict normal crossings. We
write the anticanonical divisor of X as −KX =
∑
α∈A καDα and denote
the cone of effective divisors on X by Λeff(X).
Proposition 2.1 ( [27], Proposition 1.5). With the notations above,
then we have
6 HUAN XIAO
(1)
Pic(X) = ⊕α∈AZDα,
(2)
Λeff(X) = ⊕α∈AR≥0Dα,
(3) κα ≥ 2 for all α ∈ A.
Corollary 2.2 ( [27], Corollary 1.7). The divisor of every non-constant
function f ∈ F [G] can be written as
div(f) = E(f)−
∑
α∈A
dα(f)Dα
where E(f) is the divisor of {f = 0} in G and dα(f) ≥ 0 for all α.
Moreover, there is at least one α ∈ A such that dα(f) > 0.
Notation 2.3. We introduce coordinates on Pic(X)C using the basis
(Dα)α∈A: a vector s = (sα) corresponds to
∑
α∈A sαDα.
3. Height zeta functions and representation theory of
the Heisenberg group
In this section we recall some basic properties of Height zeta func-
tions and review the representation theory of the Heisenberg group in
the adelic setting. Let G be the Heisenberg group over Q and let X be
a smooth projective biequivariant compactification of G defined over
Q. We mainly refer to Shalika and Tschinkel [27].
3.1. Height functions. Let us consider the decomposition of the bound-
ary into irreducible components:
D = X\G = ∪α∈ADα.
We fix a smooth adelic metrization (‖ · ‖v)v∈Val(Q) for each line bundle
O(Dα). Let fα be a section corresponding to Dα, for each place v, the
local height pairing is defined by
Hv : G(Qv)× Pic(X)C → C
×,
(
gv,
∑
α∈A
sαDα
)
7→
∏
α∈A
‖fα(gv)‖
−sα
v ,
and the global height pairing is
H =
∏
v∈Val(Q)
Hv : G(AQ)× Pic(X)C → C
×.
We have the following properties.
CAMPANA POINTS OF THE HEISENBERG GROUP 7
Lemma 3.1 ( [27],Proposition 2.3). With the notations above, the
height pairing is linear in the Pic(X) component:
H(g, s+ s′) = H(g, s)H(g, s′)
for all s, s′ ∈ Pic(X)C, all g ∈ G(AQ) and there is a compact open
subgroup
K =
∏
v
Kv ⊂ G(Afin)
such that for all v ∈ Val(Q)fin, one has Hv(kvgvk′v, s) = Hv(gv, s) for all
s ∈ Pic(X)C, kv, k
′
v ∈ Kv and gv ∈ G(Qv).
Moreover, if
(1) there is a smooth projective Zv-model X for X which comes
equipped with an action of the Zv-group scheme GZv extending
the given action of G on X,
(2) the metric ‖ · ‖v is induced by the integral model (X ,D),
(3) the unique linearisation on O(Dα) extends to O(Dα) for every
α ∈ A,
then we can take Kv = G(Zv).
In particular we can take
K =
∏
p 6∈S′
G(Zp) ·
∏
p∈S′
G(pnpZp)
where S ′ is a finite set of primes and np are positive integers.
The height zeta function of G associated to the height pairing is
defined to be
(3.1) Zε(s, g) =
∑
γ∈G(Q)
δε(g)H(s, γg)
−1.
The height zeta function Zε(s, g) is holomorphic in s and continuous in
g when ℜ(s)≫ 0 by [27, Proposition 2.6].
3.2. Representation theory of the Heisenberg group. Here we
recall the representation theory of the Heisenberg group G from Shalika
and Tschinkel [27, §3].
First of all we introduce some necessary notations. We denote by
Z the center of G and by Gab = G/Z the abelianization of G. Let
U ⊂ G be the subgroup
U := {u ∈ G|u = (0, z, y)},
and
W := {w ∈ G|w = (x, 0, 0)}.
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For the compact open subgroup
K :=
∏
p 6∈S′
G(Zp) ·
∏
p∈S′
G(pnpZp),
we put
n(K) =
∏
p∈S′
pnp,
and denote
K
ab := K ∩Gab,
KZ := K ∩ Z.
Let v be a place of Q, through the paper we define the local zeta
function by
ζQv(s) =


s−1 ifQv = R or C,
1
1− p−s
if v = p is nonarchimedean.
Notation 3.2. Through the paper, for s = (s1, · · · , sn) ∈ Cn and
c ∈ R, by ℜ(s) > c we mean that ℜ(si) > c for all i ∈ {1, · · · , n}. For
c ∈ R we denote the tube domain
(3.2) T>c = {s ∈ Pic(X)C : ℜ(s) > κα − εα + c, α ∈ A}.
We denote the Haar measure on G(AQ) by dg =
∏
p dgp ·dg∞ where
dg∞ = dx∞dy∞dz∞ and dgp = dxpdypdzp with the normalizations∫
Zp
dxp = 1,
∫
Zp
dyp = 1,
∫
Zp
dzp = 1 and dx∞, dy∞, dz∞ are usual
Lebesgue measures on R. We denote dup = dypdzp (resp. du∞, du) for
the Haar measure on U(Qp) (resp. U(R),U(AQ)) and dkp for the Haar
measure on Kp with the normalization
∫
Kp
dkp = 1.
Let ̺ be the right regular representation of G(AQ) on the Hilbert
space
H := L2 (G(Q)\G(AQ)) .
By Peter-Weyl theorem there is a decomposition
H = ⊕Hψ
where
Hψ = {ϕ ∈ H|̺(z)(ϕ)(g) = ψ(z)ϕ(g)}
and ψ is over the set of unitary characters of Z(AQ) which are trivial
on Z(Q). For nontrivial ψ, the corresponding representation (̺ψ,Hψ)
of G(AQ) is nontrivial, irreducible and unitary. When ψ is the trivial
character, the corresponding representation ̺0 decomposes as a direct
sum of one dimensional representations ̺η
H0 = ⊕ηHη
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where η runs over all unitary characters of the group Gab(Q)\Gab(AQ).
One considers η as a function on G(AQ), trivial on the Z(AQ)
cosets, namely, let ψ1 =
∏
p ψ1,p · ψ1,∞ be the Tate character, for a =
(a1, a2) ∈ AQ ⊕ AQ, consider the corresponding linear form on
Gab(AQ) = AQ ⊕ AQ
given by
g(x, z, y) 7→ a1x+ a2y
and denote by η = ηa the corresponding adelic character
η : g(x, z, y) 7→ ψ1(a1x+ a2y)
of G(AQ). For a ∈ AQ, we denote by ψa the adelic character of Z(AQ)
given by
z 7→ ψ1(az).
Accordingly there is the spectral decomposition of H.
Lemma 3.3 ( [27], Proposition 3.3). There is a constant δ > 0 such
that for all s ∈ T>δ, one has
(3.3) Zε(s, g) = Z0,ε(s, g) + Z1,ε(s, g) + Z2,ε(s, g),
where
(3.4) Z0,ε(s, id) =
∫
G(AQ)
H(s, g)−1δε(g)dg,
(3.5) Z1,ε(s, g) =
∑
η
η(g)
∫
G(AQ)
H(s, g)−1η(g)δε(g)dg,
(3.6) Z2,ε(s, g) =
∑
ψ
∑
ωψ
ωψ(g)
∫
G(AQ)
H(s, g)−1ωψ(g)δε(g)dg.
Here η ranges over all nontrivial characters of
Gab(Q) · Kab\Gab(AQ),
ψ ranges over all nontrivial characters of
Z(Q) · KZ\Z(AQ),
and ωψ ranges over a fixed orthonormal basis of HKψ.
Lemma 3.4. The height function H(s, g) and δε are bi-K-invariant,
that is,
H(s, gk) = H(s, kg) = H(s, g),
δε(gk) = δε(kg) = δε(g),
for g ∈ G and k ∈ K.
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Proof. This follows from [27] and [25, Lemma 6.2]. 
We are going to compute
Zε(s, g) = Z0,ε(s, g) + Z1,ε(s, g) + Z2,ε(s, g).
Recall that S is a finite set of places of Q containing the archimedean
place such that there is a good integral model (X ,D) for (X,D) over
the ring of S-integers ZS, accordingly (X ,Dε) is a good integral model
for (X,Dε) over ZS, we are going to count the Campana ZS-points on
(X ,Dε).
We are concerned with the sets
G(Q)ε = G(Q) ∩ (X ,Dε)(ZS),
and
G(Qv)ε = G(Qv) ∩ (X ,Dε)(Zv).
For v 6∈ S, let δε,v denote the local indicator function detecting whether
or not a given point in G(Qv) belongs to G(Qv)ε, if v ∈ S, set δε,v ≡ 1.
The global indicator function is thus δε =
∏
v δε,v.
4. Height integrals I
In this section, we study the height integral
Z0,ε(s, g) =
∫
G(AQ)
H(s, g)−1δε(g)dg.
Our analysis here is similar to that of Pieropan et al [25]. Let us first
set up some notations. Write
D ⊗Q Qv =
⋃
β∈Av
Dv,β,
Dα ⊗Q Qv =
⋃
β∈Av(α)
Dv,β ,
where Dv,β ’s are irreducible components.
Let β ∈ Av, we denote the field of definition for one of the geomet-
ric irreducible components of Dv,β by Qv,β and denote the extension
degree [Qv,β : Qv] by fv,β .
For any subset B ⊆ Av, define
Dv,B :=
⋂
β∈B
Dv,β, D
◦
v,B := Dv,B\
⋃
B(B′⊂Av
( ⋂
β∈B′
Dv,β
)
where we assume that Dv,∅ = XQv and D
◦
v,∅ = GQv . For v 6∈ S, we
denote by Dv,B the Zariski closure of Dv,B in X ⊗ZS Zv. We define D
◦
v,B
as above.
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4.1. Places not in S. Assume that p 6∈ S, we shall consider the
integral
(4.1)
∫
G(AS)
H(s, g)−1δε(g)dg =
∏
p 6∈S
∫
G(Qp)
Hp(s, gp)
−1δε,p(gp)dgp,
we denote
Z0,ε,p(s, gp) :=
∫
G(Qp)
Hp(s, gp)
−1δε,p(gp)dgp.
4.1.1. Places of good reduction. We assume the integral model X has
good reduction at p and the metrics at p are induced by the integral
model.
Set κ = (κα)α∈A and let
dτ =
dgp
‖ω‖p
denote the Tamagawa measure where
‖ω‖p = Hp(κ, gp)
is a gauge form on G. We see that
Z0,ε,p(s, gp) =
∫
G(Qp)
Hp(s, gp)
−1
Hp(κ, gp)δε,p(gp)
dgp
‖ω‖p
=
∫
G(Qp)
Hp(s− κ, gp)
−1δε,p(gp)dτ.
Consider the reduction map
(4.2) ρp : G(Qp)→ X (Fp),
let y ∈ X (Fp) such that ρ−1p (y) ⊂ G(Qp), we have
Z0,ε,p(s, gp) =
∑
B⊂Ap
∑
y∈D◦
p,B
(Fp)
∫
ρ−1p (y)
Hp(s− κ, gp)
−1δε,p(gp)dτ.
Proposition 4.1. we have
(4.3)
Z0,ε,p(s, gp) =
∑
B⊂Ap
#D◦p,B(Fp)
p3−#B
∏
β∈B
(
1−
1
p
)
p−mα(β)(sα(β)−κα(β)+1)
1− p−(sα(β)−κα(β)+1)
where we interpret the term p−mα(β)(sα(β)−κα(β)+1) = 0 if εα(β) = 1.
Proof. The proof is analogous to that of [25, Theorem 7.1]. 
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4.1.2. Places of bad reduction. Again let p 6∈ S, we assume the integral
model X has bad reduction at p or the metrics at p are not induced by
the integral model.
Proposition 4.2. The function Z0,ε,p(s, gp) is holomorphic in s when
ℜ(sα) > κα − 1 for α ∈ A with εα < 1.
Proof. This follows from the arguments in [15, §3.2.5]. 
4.2. Places in S. Let v ∈ S, then δε,v ≡ 1 by definition. We have
Proposition 4.3. (1) The function
Z0,ε,v(s, g) :=
∫
G(Qv)
Hv(s, gv)
−1δε,v(gv)dgv
is holomorphic when ℜ(sα) > κα − 1 for all α ∈ A.
(2) Suppose L =
∑
α∈A λαDα is a big divisor on X and let
a := a((X,Dred), L), b := b(Qv, (X,Dred), L)
be as defined in [25, §4]. Then there is a constant δ > 0 such
that the function
s 7→ ζQv(s− a)
−b
Z0,ε,v(sL, g)
admits a holomorphic continuation to the domain ℜ(s) > a− δ
and the function s 7→ Z0,ε,v(sL, g) has a pole at s = a of order
b.
Proof. (1) The assertion follows from [27, Lemma 4.1].
(2) This follows from [13, Proposition 4.3].

4.3. Euler products. Let α ∈ A, we denote the field of definition for
one of the geometric irreducible components of Dα by Fα, that is, Fα
is the algebraic closure of F in the function field of Dα.
Proposition 4.4. Let p 6∈ S, recall the decomposition
Dα ⊗Q Qp =
⋃
β∈Ap(α)
Dp,β
of Dα ⊗Q Qp into irreducible components.
(1) The function
s 7→
∏
α∈A
∏
β∈Ap(α)
ζQp,β(mα(sα − κα + 1))
−1
Z0,ε,p(s, gp)
is holomorphic on T>−δ for δ > 0 sufficiently small, if εα = 1,
we take ζQp,β(mα(sα − κα + 1))
−1 = 1.
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(2) Let δ > 0 be sufficiently small, then there is a δ′ > 0 such that∏
α∈A
∏
β∈Ap(α)
ζQp,β(mα(sα − κα + 1))
−1
Z0,ε,p(s, gp) = 1 +O(p
−(1+δ′))
for s ∈ T>−δ.
Proof. The proof is analogous to that of [25, Proposition 7.4]. 
Corollary 4.5. The following function
s 7→
(∏
α∈A
ζFα(mα(sα − κα + 1))
−1
)∏
p 6∈S
Z0,ε,p(s, gp)
is holomorphic on the domain T>−δ′.
Proof. This follows from the propositions 4.2, 4.4 and the fact that
Fα ⊗Q Qp ∼=
∏
β∈Ap(α)
Qp,β
for all α ∈ A. 
5. Height integrals II
In this section, we study the height integral∫
G(AQ)
H(s, g)−1η(g)δε(g)dg =
∏
v
∫
G(Qv)
Hv(s, gv)
−1η(gv)δε,v(gv)dgv.
The analysis in this section is parallel to that of [25, §8]. For each
nonzero a = (a1, a2) ∈ Q2, we denote the linear functional
(x, y) 7→ a1x+ a2y
by fa. Recall from the Corollary 2.2 that
div(fa) = E(fa)−
∑
α∈A
dα(fa)Dα
with dα(fa) ≥ 0 and at least one α such that dα(fa) > 0. Define
A0(a) := {α ∈ A|dα(fa) = 0},
A≥1(a) := {α ∈ A|dα(fa) ≥ 1},
note that the set A0(a) is a proper subset of A by [27].
For any place v ∈ Val(Q) we define
Hv(a) = max{|a1|v, |a2|v}
and for any nonarchmedean place p define
jp(a) = min{v(a1), v(a2)}
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so that Hp(a) = p
−jp(a). Denote
Hfin(a) =
∏
p
Hp(a),
then
(5.1) H∞(a)≫ Hfin(a)
−1.
5.1. Places not in S. Let p 6∈ S, we shall consider the integral
(5.2) Z1,ε,p(s, η) :=
∫
G(Qp)
Hp(s, gp)
−1η(gp)δε,p(gp)dgp.
5.1.1. Places of good reduction. We assume the integral model X has
good reduction at p and the metrics at p are induced by the integral
model. There are two cases, jp(a) = 0 or jp(a) 6= 0. We first assume
jp(a) = 0.
Proposition 5.1. We have
(1) there exists δ > 0, independent of a such that the function
s 7→
∏
α∈A0(a)
∏
β∈Ap(α)
ζQp,β(mα(sα − κα + 1))
−1
Z1,ε,p(s, η)
is holomorphic on T>−δ, if εα = 1, we take ζQp,β(mα(sα − κα +
1))−1 = 1.
(2) there exists δ′ > 0, independent of a such that∏
α∈A0(a)
∏
β∈Ap(α)
ζQp,β(mα(sα − κα + 1))
−1
Z1,ε,p(s, η) = 1 +O(p
−(1+δ′)),
for s ∈ T>−δ.
Proof. The proof is analogous to that of [25, Proposition 8.1]. 
Next we assume jp(a) 6= 0.
Proposition 5.2. Let p be a nonarchimedean place such that p 6∈ S
and jp(a) 6= 0. Then there is a δ > 0, independent of a, such that the
following function
s 7→
∏
α∈A0(a)
∏
β∈Ap(α)
ζQp,β(mα(sα − κα + 1))
−1
Z1,ε,p(s, η)
is holomorphic on T>−δ and moreover there is a δ
′ > 0, independent of
a such that we have
|
∏
α∈A0(a)
∏
β∈Ap(α)
ζQp,β(mα(sα−κα+1))
−1
Z1,ε,p(s, η)| ≪
(
1 +Hp(a)
−1
)δ′
.
Proof. The proof is analogous to that of [25, Proposition 8.2]. 
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5.1.2. Places of bad reduction. Again let p 6∈ S, we assume the integral
model X has bad reduction at p or the metrics at p are not induced by
the integral model.
Proposition 5.3. The height function Z1,ε,p(s, η) is holomorphic in s
when ℜ(sα) > κα − 1 for α ∈ A
0(a) with εα < 1. And for δ > 0 there
are δ′ > 0 and Cδ > 0 such that
|Z1,ε,p(s, η)| < Cδ (1 +H∞(a))
δ′
when ℜ(sα) > κα − 1 + δ for α ∈ A
0(a) with εα < 1.
Proof. This follows from [15, Corollary 3.3.7]. 
5.2. Places in S. For the case v ∈ S, δε,v ≡ 1 by definition.
Proposition 5.4. Let v ∈ S, then we have
(1) The function
s 7→ Z1,ε,v(s, η)
is holomorphic in the domain ℜ(sα) > κα−1 for all α ∈ A and
there exist n > 0, mn > 0 such that
(5.3) |
∏
v∈S
Z1,ε,v(s, η)| ≪
(1 + |s|)mn
(1 +H∞(a))n
in the above domain.
(2) If L =
∑
α∈A λαDα is a big divisor on X, let
a := a((X,Dred), L), bv := b(Qv, (X,Dred), L, fa)
be as defined in [25, §4]. Then there is a constant δ > 0 such
that the function
s 7→ ζQv(s− a)
−bvZ1,ε,v(sL, η)
admits a holomorphic continuation to the domain ℜ(s) > a−δ.
Moreover
(5.4) |
∏
v∈S
ζQv(s− a)
−bvZ1,ε,v(sL, η)| ≪n
(1 + |s|)mn
(1 +H∞(a))n
in the above domain.
Proof. (1) The assertion on holomorphy follows from [27, Lemma
4.1] and the estimate (5.3) follows from [25, Proposition 8.4].
(2) The proof of the assertion on holomorphic continuation is essen-
tially analogous to that of [15, Proposition 3.4.4]. The estimate
(5.4) follows from [25, Proposition 8.4].

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5.3. Euler products. Finally we consider the Euler product
Z1,ε(s, g) =
∑
η
η(g)
∏
v∈Val(Q)
Z1,ε,v(s, η).
We set
Z1,ε(s, η) =
∏
v∈Val(Q)
Z1,ε,v(s, η),
and for every α ∈ A set
ζFα,S(s) =
∏
v 6∈S
∏
β∈Av(α)
ζQv,β(s).
Proposition 5.5. Assume that (X,Dε) is klt, then there is a δ > 0,
independent of a, such that the function
s 7→

 ∏
α∈A0(a)
ζFα,S(mα(sα − κα + 1))


−1
Z1,ε(s, η)
is holomorphic on T>−δ.
Moreover, for n > 0, there exists mn > 0 such that
 ∏
α∈A0(a)
ζFα,S(mα(sα − κα + 1))


−1
Z1,ε(s, η) ≪
(1 + |s|)mn
(1 +H∞(a))n
.
Proof. This follows from Propositions 5.1, 5.2, 5.3 and 5.4, together
with the estimate (5.1). 
6. Height integrals III
In this section, we study the height integral Z2,ε(s, g).
Let Y ⊂ X be the induced compactification of U ⊂ G and denote
by (Y ,DY) a good integral model for (Y,DY ).
Assumption 6.1 ( [27], Assumption 4.7). We assume that the bound-
ary DY := Y \U is a strict normal crossing divisor whose components
are intersections of the boundary components of X with Y :
Y \U = ∪α∈AYD
Y
α = ∪α∈A (Dα ∩ Y )
where AY ⊆ A.
We have for the anticanonical divisor of Y
−KY =
∑
α∈AY
κYαD
Y
α
with κYα ≤ κα for all α.
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For nonzero a ∈ Q denote by fa the linear form on G
z 7→ a · z.
The linear form fa defines an adelic character ψ = ψa of U(AQ)/U(Q)
by
ψa (g(0, z, y)) = ψ1(az)
where ψ1 is the Tate character. Write the divisor of fa as
div(fa) = E(fa)−
∑
α∈AY
dα(fa)D
Y
α
where E(fa) is the hyperplane along which fa vanishing in Y . Define
A0 := {α ∈ AY |dα(fa) = 0},
A≥1 := {α ∈ AY |dα(fa) ≥ 1},
note that the set A0 is a proper subset of A by [27]. For ψ = ψa with
a ∈ 1
n(K)
Z, we define Sψ by
(6.1) Sψ := {p : p n(K)a} ∪ {S}.
For any place v ∈ Val(Q) we define
Hv(a) = |a|v,
and for any nonarchmedean place p define
jp(a) = v(a)
so that Hp(a) = p
−jp(a). Denote
Hfin(a) =
∏
p
Hp(a),
then
(6.2) H∞(a)≫ Hfin(a)
−1.
We are going to analyse the integral
(6.3)
∫
G(AQ)
H(s, g)−1ωψ(g)δε(g)dg.
Let p 6∈ Sψ, recall [27, Definition 3.14] that the normalized spherical
function fp on G(Qp) is defined to be
fp(gp) = 〈πψp(gp)ep, ep〉
where 〈·〉 is the standard inner product on L2(Qp), πψp is the representa-
tion of G(Qp) induced by ψp and ep ∈ V
Kp
p is a vector of a representation
space for G(Qp).
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There are decompositions
G(A) = G(ASψ) ·G(ASψ) =
∏
p 6∈Sψ
′G(Qp) ·
∏
p∈Sψ
G(Qp)
and
g = gS · gS =
∏
p 6∈Sψ
′gp ·
∏
p∈Sψ
gp
where
∏′
p 6∈Sψ
means the restricted product. From Lemma 3.15 and
Corollary 3.16 of [27] we have
(6.4)
∫
G(AQ)
H(s, g)−1ωψ(g)δε(g)dg
=
∏
p 6∈Sψ
∫
G(Qp)
Hp(s, gp)
−1fp(gp)δε,p(gp)dgp·
∫
G(ASψ )
H(s, gSψ)
−1ωSψ
ψ(gSψ)δε(gSψ)dgSψ ,
where ωSψ is the restriction of ω to G(ASψ).
As in the context for Z0,ε(s, g) and Z1,ε(s, g), we write
DY ⊗Q Qv =
⋃
β∈AYv
DYv,β ,
DYα ⊗Q Qv =
⋃
β∈AYv (α)
DYv,β
where DYv,β ’s are irreducible components.
Let β ∈ AYv , we denote the field of definition for one of the geomet-
ric irreducible components of DYv,β by Q
Y
v,β and denote the extension
degree [Qv,β : Qv] by fYv,β .
For any subset B ⊆ AYv , we define
DYv,B :=
⋂
β∈B
DYv,β , D
◦,Y
v,B := D
Y
v,B\
⋃
B(B′⊂AYv
( ⋂
β∈B′
DYv,β
)
where we assume that DYv,∅ = XQv and D
◦,Y
v,∅ = GQv . For v 6∈ S, we
denote by DYv,B the Zariski closure of D
Y
v,B in Y⊗ZS Zv. We define D
◦,Y
v,B
as above.
6.1. Places not in Sψ. Let p 6∈ Sψ. By [27, Lemma 3.17], we have
Z2,ε,p(s, ω
ψ) :=
∫
G(Qp)
Hp(s, gp)
−1fp(gp)δε,p(gp)dgp =
∫
U(Qp)
Hp(s, up)
−1ψp(up)δε,p(up)dup.
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6.1.1. Places of good reduction. We assume the integral model X has
good reduction at p and the metrics at p are induced by the integral
model. There are two cases, jp(a) = 0 or jp(a) 6= 0. We first assume
jp(a) = 0.
Proposition 6.2. We have
(1) There exists δ > 0, independent of a such that the function
s 7→
∏
α∈A0
∏
β∈AYp (α)
ζQY
p,β
(mα(sα − κ
Y
α + 1))
−1
Z2,ε,p(s, ω
ψ)
is holomorphic on T>−δ, if εα = 1, we take ζQY
p,β
(mα(sα− κ
Y
α +
1))−1 = 1.
(2) There exists δ′ > 0, independent of a such that∏
α∈A0
∏
β∈AYp (α)
ζQY
p,β
(mα(sα − κ
Y
α + 1))
−1
Z2,ε,p(s, ω
ψ) = 1 +O(p−(1+δ
′)),
for s ∈ T>−δ.
Proof. The proof is analogous to that of [25, Proposition 8.1]. 
Next we assume jp(a) 6= 0.
Proposition 6.3. Let p be a nonarchimedean place such that p 6∈ Sψ
and jp(a) 6= 0. Then there is a constant δ > 0, independent of a, such
that the following function
s 7→
∏
α∈A0
∏
β∈AYp (α)
ζQY
p,β
(mα(sα − κ
Y
α + 1))
−1
Z2,ε,p(s, ω
ψ)
is holomorphic on T>−δ and moreover there exists δ
′ > 0, independent
of a such that
|
∏
α∈A0
∏
β∈AYp (α)
ζQY
p,β
(mα(sα−κ
Y
α +1))
−1
Z2,ε,p(s, ω
ψ)| ≪
(
1 +Hp(a)
−1
)δ′
.
Proof. The proof is analogous to that of [25, Proposition 8.2]. 
6.1.2. Places of bad reduction. Again let p 6∈ Sψ, we assume the integral
model X has bad reduction at p or the metrics at p are not induced by
the integral model.
Proposition 6.4. The height function Z2,ε,p(s, ω
ψ) is holomorphic in
s when ℜ(sα) > κα − 1 for α ∈ A
0 with εα < 1. And for δ > 0 there
are constants δ′ > 0 and Cδ > 0 such that
|Z2,ε,p(s, ω
ψ)| < Cδ (1 +H∞(a))
δ′
when ℜ(sα) > κα − 1 + δ for α ∈ A
0 with εα < 1.
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Proof. This follows from [15, Corollary 3.3.7]. 
6.2. Places in Sψ. Let v ∈ Sψ. We first compute ωSψ(gSψ), let
S(AQ) ⊂ L2(AQ) denote the space of Schwartz-Bruhat functions, re-
call from [27] that for a function ϕ ∈ S(AQ), the theta distribution is
defined as
(6.5) Θ(ϕ) :=
∑
γ∈Q
ϕ(γ).
The theta distribution gives a map
jψ : S(AQ)→ L
2(G(Q)\G(AQ))
jψ(ϕ)(g) = Θ(πψ(g)ϕ)
where πψ is the representation of G(Q) induced by ψ. For details of
the representations see [27, §3.5]. Let KSψ :=
∏
p 6∈Sψ
Kp, from the proof
of [27, Lemma 3.15] we have
(6.6) ωSψ(gSψ) =
∫
K
Sψ
jψ(ϕ)(gSψk
Sψ)dkSψ ,
therefore
(6.7)
ωSψ(gSψ) =
∫
K
Sψ
Θ
(
πψ(gSψk
Sψ)ϕ
)
dkSψ =
∫
K
Sψ
∑
γ∈Q
(
πψ(gSψk
Sψ)ϕ
)
(γ)dkSψ .
Let
(g(xv, zv, yv)) ∈ gSψ ,
(g(xkv , zkv , ykv)) ∈ k
Sψ ,
then
g(xv, zv, yv) · g(xkv , zkv , ykv) = g(xv + xkv , zv + zkv + xvykv , yv + ykv).
Thus by (6.7) and [27, (3.6)] we have
(6.8) ωSψ(gSψ)
=
∑
γ∈Q
∏
v
∫
K
Sψ
ψ [(yv + ykv)γ + zv + zkv + xvykv ]ϕ(xv + xkv + γ)dxkvdykvdzkv
=
∑
γ∈Q

∏
v∈Sψ
ψ(yvγ + zv)ϕ(xv + γ) ·
∏
v 6∈Sψ
∫
K
Sψ
ψ(ykvγ + zkv)ϕ(xkv + γ)dk
Sψ


=
∑
γ∈ZSψ
∏
v∈Sψ
ψ(yvγ + zv)ϕ(xv + γ) · 1ZSψ (γ),
where 1ZSψ is the characteristic function of ZSψ .
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Proposition 6.5. (1) The function
s 7→ Z2,ε,Sψ(s, ω
ψ) :=
∫
G(ASψ )
H(s, gSψ)
−1ωSψ
ψ(gSψ)δε(gSψ)dgSψ
is holomorphic in the domain ℜ(sα) > κα−1 for all α ∈ A and
(6.9) |
∏
v∈Sψ
Z2,ε,Sψ(s, ω
ψ)| ≪
(1+ | a |)n
′
(1+ | λ |)n
in the above domain where n > 0, n′ is some fixed positive
number and λ = λ(ωψSψ) is the eigenvalue of ω
ψ
Sψ
.
(2) If L =
∑
α∈A λαDα is a big divisor on X, let
a′ := a′((X,Dred), L), bv := b(Qv, (X,Dred), L, fa)
be as defined in [25, §4]. Then there is a constant δ > 0 such
that the function
s 7→
∏
v∈Sψ
ζQv(s− a
′)−bvZ2,ε,Sψ(sL, ω
ψ)
admits a holomorphic continuation to the domain ℜ(s) > a′− δ
and
(6.10) |
∏
v∈Sψ
ζQv(s− a
′)−bvZ2,ε,Sψ(sL, ω
ψ)| ≪n
(1+ | a |)n
′
(1+ | λ |)n
.
Proof. (1) The assertion on holomorphy follows from [27, Lemma
4.1] and the estimate (6.9) follows from [27, Proposition 4.12].
(2) By (6.8) we have
Z2,ε,Sψ(sL, ω
ψ) =
∑
γ∈ZSψ
∫
G(ASψ )
H(s, gSψ)
−1ψ(yvγ+zv)ϕ(xv+γ)1ZSψ (γ)δε(gSψ)dgSψ .
The assertion on holomorphic continuation follows from the fact
that ϕ is a Schwartz-Bruhat function and the estimate (6.10)
follows from [27, Proposition 4.12] and [27, Lemma 4.14].

6.3. Euler products. Finally we consider the Euler product
(6.11) Z2,ε(s, g)
=
∑
ψ
∑
ωψ
ωψ(g)

∏
p 6∈Sψ
Z2,ε,p(s, ω
ψ) · Z2,ε,Sψ(s, ω
ψ)

 .
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For every α ∈ AY we set
ζFYα ,Sψ(s) =
∏
v 6∈Sψ
∏
β∈AYv (α)
ζQY
v,β
(s),
and we denote
Z2,ε(s, ω
ψ) =
∏
p 6∈Sψ
Z2,ε,p(s, ω
ψ) · Z2,ε,Sψ(s, ω
ψ).
Proposition 6.6. Assume that (X,Dε) is klt, then there is a δ > 0,
independent of a, such that the following function
s 7→
(∏
α∈A0
ζFYα ,Sψ(mα(sα − κ
Y
α + 1))
)−1
Z2,ε(s, ω
ψ)
is holomorphic on the domain T>−δ.
Moreover, for n > 0 we have(∏
α∈A0
ζFYα ,Sψ(mα(sα − κ
Y
α + 1))
)−1
Z2,ε(s, ω
ψ) ≪
(1+ | a |)n
′
(1+ | λ |)n
where n′ is some fixed positive number and λ = λ(ωψSψ) is the eigenvalue
of ωψSψ described in [27].
Proof. This follows from Propositions 6.2, 6.3, 6.4 and 6.5, together
with the estimate (6.2). 
7. Proof of main results
Let X be a smooth projective biequivariant compactification of
the Heisenberg group G over F = Q with boundary D a strict normal
crossings divisor on X , with irreducible components (Dα)α∈A. Let S
be a finite set of places containing the infinite place such that there is
a good integral model (X ,D) of (X,D) over ZS as in the Introduction.
We fix εα ∈ W for each α ∈ A and let Dε =
∑
α∈A εαDα and Dε =∑
α∈A εαDα. We denote by X the base change of X to F and we write
Xv for the base change of X to Fv.
Let L be a big line bundle L on X equipping with a smooth adelic
metrization induced by X for all places v 6∈ S. We are concerned with
the asymptotic behavior of the counting function
N(G(Q)ε,L, T )
where
G(Q)ε = G(Q) ∩ (X ,Dε)(ZS).
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7.1. Proof of Theorem 1.3. In this subsection we assume that the
pair (X,Dε) is klt.
Proposition 7.1. The following function
s 7→
(∏
α∈A
ζFα(mα(sα − κα + 1))
)−1
Zε(s, g)
is holomorphic on T>0.
Proof. It follows from §4 that Z0,ε(s, g) converges absolutely, we now
show the convergence of
Z1,ε(s, g) =
∑
η
η(g) · Z1,ε(s, η).
It follows from Proposition 5.5 that Z1,ε(s, η) is defined for s ∈ T>0 and
|Z1,ε(s, η)| ≪n
1
(1 +H∞(a))n
,
as the series ∑
η
1
(1 +H∞(a))n
converges for sufficiently large n, the convergence of Z1,ε(s, g) follows.
Next we show the convergence of
Z2,ε(s, g) =
∑
ψ
∑
ωψ
ωψ(g) · Z2,ε(s, ω
ψ).
It follows from Proposition 6.6 that Z2,ε(s, ω
ψ) is defined for s ∈ T>0
and
|Z2,ε(s, ω
ψ)| ≪
1
(1+ | λ |)n
· (1+ | a |)n
′
,
as in the proof of [27, Theorem 4.15], it then suffices to prove the
convergence of the series∑
ψ
∑
ωψ
| λ |−n+m
′
| a |n
′
where m′, n′ are certain positive numbers. The remaining proof is the
same as that in [27, Theorem 4.15].
We conclude that the spectral decomposition
Zε(s, g) = Z0,ε(s, g) + Z1,ε(s, g) + Z2,ε(s, g)
holds for ℜ(s)≫ 0. Now the proposition follows from Proposition 4.3,
Corollary 4.5, Proposition 5.5 and Proposition 6.6. 
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We now discuss the case where s = sL, write L =
∑
α∈A λαDα
where λα > 0 for all α ∈ A, then sα = sλα. It follows from Proposition
7.1 that the rightmost pole along ℜ(s) of Zε(sL, g) is
a = a((X,Dε), L) = max
α∈A
{
κα − εα
λα
}
.
We set
Aε(L) =
{
α ∈ A :
κα − εα
λα
= a
}
,
and
b = b(Q, (X,Dε), L) := #Aε(L).
Assume that the divisor aL + KX + Dε is rigid, which we mean that
its Iitaka dimension is 0. By the spectral decomposition
Zε(sL, g) = Z0,ε(sL, g) + Z1,ε(sL, g) + Z2,ε(sL, g),
we shall investigate the poles of Zε(sL, g) by investigating individually
Z0,ε(sL, g), Z1,ε(sL, g) and Z2,ε(sL, g).
For the term Z1,ε(sL, g), Proposition 5.5 shows that Z1,ε(sL, g) has
a pole of the highest order equal to that of Z0,ε(sL, g) if and only if
A0(a) ⊃ Aε(L),
which means that dα(fa) = 0 whenever (κα − εα)/λα = a. Since
E(fa) ∼
∑
α∈A
dα(fa)Dα, aL+KX +Dε =
∑
α∈A
(aλα − κα + εα)Dα,
this means that E(fa) is equivalent to a boundary divisor whose sup-
port is contained in that of the divisor aL+KX+Dε, this is impossible
because aL +KX +Dε is rigid. Similarly, Proposition 6.6 shows that
the term Z2,ε(sL, g) does not contribute to the main term of Zε(sL, g).
On the other hand, it follows from Corollary 4.5 that Z0,ε(sL, g)
has a pole at s = a of order b if we could show that the corresponding
residue c is nonzero, i.e.,
c := lim
s→a
(s− a)bZ0,ε(sL, g) 6= 0.
Recall that
Z0,ε(sL, g) =
∫
G(AQ)
H(sL, g)−1δε(g)dg =
∫
G(AQ)ε
H(sL+KX , g)
−1dτ
where τ is the Tamagawa measure on G. Let
X◦ = X\
(
∪α6∈Aε(L)Dα
)
,
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and let τX◦ denote the Tamagawa measure on X
◦ using certain virtual
Artin L-function, for details see [25]. We also define
τX◦,Dε = H(Dε, g)τX◦.
Lemma 7.2. Let the notations be as above, we have
c =
∏
α∈Aε(L)
1
mαλα
∫
X◦(AQ)ε
H(aL+KX +Dε, g)
−1dτX◦,Dε > 0.
Proof. The proof is essentially analogous to that of [25, Lemma 9.3].

Applying a Tauberian theorem [32, II.7, Theorem 15] we have
Theorem 7.3. Let X ,L,D, a, b, c and ε be as above. Assume that
(X,Dε) is klt, if aL+KX +Dε is rigid, then as T →∞,
N(G(Q)ε,L, T ) ∼
c
a(b− 1)!
T a(log T )b−1.
7.2. Proof of Theorem 1.4. Let notations be as former subsection
but in this subsection we assume that the pair (X,Dε) is only dlt. We
set
Aklt = {α ∈ A|εα 6= 1},
Anklt = {α ∈ A|εα = 1},
Proposition 7.4. Let L = − (KX +Dε), then the function
s 7→
( ∏
α∈Aklt
ζFα(1 +mα(κα − εα)(s− 1))
)−1(∏
v∈S
ζQv(s− 1)
−b(Qv,(X,Dred),L)
)
Zε(sL, g)
is holomorphic on ℜ(s) > 1 where b(Qv, (X,Dred), L) is the b-invariant
defined in [25, §4].
Proof. The proof is analogous to that of Proposition 7.1. 
The proposition above implies that Zε(sL, g) has a pole at s = 1.
We define
b′(Q, S, (X,Dε), L) = #A
klt +
∑
v∈S
b(Qv, (X,Dred), L).
Let Dred =
∑
α∈ADα and v a place of Q, fix an embedding Q ⊂ Qv so
that Γv := Gal(Qv/Qv) acts on X = X ⊗Q Q and Dred = Dred ⊗Q Q.
We denote by A the indexing set of Dred and by Av the set of orbits of
A under the action of Γv.
26 HUAN XIAO
By the definition of b(Qv, (X,Dred), L) in [25, §4] we have
b′(Q, S, (X,Dε), L) = #A
klt+
∑
v∈S
max
B⊆Ankltv
{
#B;
⋂
β∈B
Dv,β,red(Qv) 6= ∅
}
.
Lemma 7.5. The height zeta function Z0,ε(sL, g) has a pole at s = 1
of order b′.
Proof. This follows from Proposition 4.3 and Corollary 4.5. 
Lemma 7.6. The order of the pole at s = 1 of Z1,ε(sL, g) is < b
′.
Proof. We denote the order of the pole at s = 1 of Z1,ε(sL, g) by b1,
it is clear that b1 ≤ b
′. As the proof of [15, Lemma 3.5.4], we prove
our result by contradiction. Assume that b1 = b
′, then comparing the
formulas of b1 and b
′ we have
(1) dα(fa) = 0 for all α ∈ A
klt,
(2) for any v ∈ S there is a subset B ⊆ Ankltv of maximal cardinality
with
⋂
β∈B Dv,β,red(Qv) 6= ∅ such that dα(fa) = 0 for all α ∈ B.
Fix a g(b1, 0, b2) ∈ G(Q) such that fa (g(b1, 0, b2)) = 1. Let us fix a
v ∈ S and let B ⊆ Ankltv satisfy condition (2). By definition the function
fa is defined and nonzero at general points of
⋂
β∈BDv,β,red and there is
such a general point g(x0, z0, y0) ∈
⋂
β∈BDv,β,red(Qv) for a suitable B.
Take g′ = limt→∞ g(tb1, 0, tb2)·g(x0, z0, y0), then g
′ ∈
⋂
β∈BDv,β,red(Qv).
The function t 7→ fa(g(tb1, 0, tb2) · g(x0, z0, y0)) is defined on P1 and
fa(g(tb1, 0, tb2) · g(x0, z0, y0)) → ∞ as t → ∞. Therefore g
′ ∈ Dα
for some α such that dα(fa) > 0, by condition (1), α ∈ A
nklt and thus
B′ = B∪{α} ⊆ Ankltv is such that
⋂
β∈B′ Dv,β,red(Qv) 6= ∅, contradicting
the maximal cardinality condition (2). 
Lemma 7.7. The order of the pole at s = 1 of Z2,ε(sL, g) is < b
′.
Proof. The argument is analogous to that of Lemma 7.6. 
Theorem 7.8. Let X ,D, ε and b′ be as above and let L = − (KX +Dε).
Assume that (X,Dε) is dlt, then as T →∞, there is a constant c > 0
depending on S, (X ,Dε) and L such that
N(G(Q)ε,L, T ) ∼
c
(b′ − 1)!
T (log T )b
′−1.
Proof. This follows from Lemmas 7.5, 7.6, 7.7 and a Tauberian theorem
[32, II.7, Theorem 15]. 
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